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Abstract 

Simplicial versions of topological abelian gauge theories are constructed 
which reproduce the continuum expressions for the partition function and Wil- 
son expectation value of linked loops, expressible in terms of R-torsion and 
linking numbers respectively. The new feature which makes this possible is 
the introduction of simplicial fields (cochains) associated with the dual trian- 
gulation of the background manifold, as well as with the triangulation itself. 
This doubling of fields, reminiscent of lattice fermion doubling, is required be- 
cause the natural simplicial analogue of the Hodge star operator maps between 
cochains of a triangulation and cochains of the dual triangulation. The sim- 
plicial analogue of Hodge-de Rham theory is developed, along with a natural 
simplicial framework for considering linking numbers of framed loops. When 
the loops represent torsion elements of the homology of the manifold then Q/Z- 
valued torsion pairings appear in place of linking numbers for certain discrete 
values of the coupling parameter of the theory. 
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1 Introduction 



In this paper we consider the problem of discretising abehan Chern-Simons gauge the- 
ory on closed 3-manifolds, and its generalisation to arbitrary odd-dimensional closed 
manifolds, in such a way that the topological objects of interest in the theories are 
equal to the corresponding objects in the discrete theories. The topological objects of 
interest are the partition function and Wilson vacuum expectation values (v.e.v.'s) of 
linked loops. As is well-known, the partition functions (suitably gauge-fixed and an- 
alytically regularised) can be expressed in terms of analytic Ray-Singer torsion ||Sc|| , 
while the Wilson v.e.v.'s of linked loops (and their generalisations to higher dimen- 
sions) can be expressed in terms of the linking numbers of the loops |Po|| |[Witl| , §2].[| 



The Ray-Singer torsion |[RS| of a manifold has a combinatorial analogue, namely the 



Reidemeister-Franz torsion [|Rq , [Fraj |Mi| , |RS|| , also known as the R-torsion, defined 
via a triangulation of the manifold. The cochain complex of the triangulation (with 
values in R , or more generally in a flat vector bundle) plays a role in the construc- 
tion of the R-torsion which is analogous to the role of the de Rham complex in the 
construction of the Ray-Singer torsion. These torsions are in fact known to be equal 
lull , pii|] . This leads us to consider discrete versions of abelian Chern-Simons the- 



ory (and its generalisations) where the fields are cochains of a triangulation of the 
background manifold. The aim is to find such a theory where the partition function 
is expressible in terms of R-torsion (in place of Ray-Singer torsion), and the Wil- 
son v.e.v.'s of linked loops are expressible in terms of the linking numbers, as in the 
continuum theory. 

Discrete versions of abelian Chern-Simons theory have been considered previously 
by a number of authors |^^, |FGP[, including setups where the gauge field is taken 
to be a cochain of a triangulation | [KM| , |BR| , |AlSc| | , although it seems that no explicit 
attempt has been made previously to carry out the aims outlined aboveQ. The new 
feature of our approach, which allows to carry out these aims, is the introduction of 



^ These properties have been checked in [CM|, where the abehan Chern-Simons theory on was 
exphcitly solved. 

way of obtaining hnking numbers from a lattice version of abelian Chern-Simons theory is 



simplicial fields (cochains) associated with the dual of the triangulation, as well as 
with the triangulation itself. The motivation behind this is intimately connected with 
the nature of the simplicial analogue of the Hodge star operator. In the continuum 
abelian Chern-Simons theory the Hodge star operator, and its interrelationship with 
the exterior derivative (and the adjoint of the exterior derivative), play a crucial role in 
deriving the expressions for the partition function and Wilson v.e.v.'s of loops. If the 
same evaluation of the partition function in a cochain version of the theory is to lead 
to an analogous expression with R-torsion in place of Ray-Singer torsion then there 
must be a simplicial analogue of the Hodge star operator such that its interrelationship 
with the cochain action functional and cochain derivative (simplicial analogue of the 
exterior derivative) are the same as in the continuum case. In fact there is a natural 
simplicial analogue of the Hodge star operator, namely the duality operator mapping 
between cochains of the triangulation and cochains of the dual of the triangulation. 
(The cochains we are considering are over the reals.) After taking into account the 
fact that this operator maps between different cochain complexes, its interrelationship 
with the derivative map for cochains of the triangulation and the derivative map for 
cochains of the dual triangulation is completely analogous to the interrelationships 
in the continuum case. (We will see this explicitly in proposition 2.4.) This indicates 
that if a cochain version of abelian Chern-Simons theory is to have its partition 
function expressible in terms of R-torsion in the desired way then the theory should 
involve cochains of the dual triangulation as well as of the triangulation itself. This 
is reminiscent of the field doubling in lattice fermion theories (see e.g. ||BJ|| ). 

Motivated by these considerations we consider discretisation of the double abelian 
Chern-Simons theory (and its generalisation to higher dimensions) with two inde- 
pendent gauge fields, such that in the discrete version one gauge field is a cochain 
of the triangulation and the other is a cochain of the dual triangulation. We show 



discussed in the recent preprint rcf. |FGP|, although the setup and techniques used tliere are quite 
different from ours. 

•^The dual triangulation has appeared previously in connection with discrete abelian Zp field 



theories, although not in the way that we describe here; see [Ra] and the ref.'s therein. Duality has 
previously played a key role in a variety of lattice field theories, see e.g. [Ca, FM ]. 
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that, after making a certain "twist" in the action functional which couples the fields 
but leaves the expressions for the partition function and Wilson v.e.v.'s of loops un- 
changed!, there is a canonical discretisation (i.e. cochain version) of this theory such 
that the interrelationship between the discrete (i.e. simplicial) action functional, the 
simplicial Hodge star operator (i.e. the duality operator) and the cochain derivatives 
is the same as in the continuum case. As a consequence the evaluation of the partition 
function gives an expression involving R-torsion in the desired way, reproducing the 
continuum expression^. We consider Wilson v.e.v.'s of framed linked loops (and their 
generalisation to higher dimensions) which fit into this discrete setup in a natural way: 
The framed loops are taken to be ribbons with one boundary being an edge loop in 
the triangulation and the other boundary being an edge loop in the dual triangula- 
tion. (We call these framed loops simplicial framings of edge loops.) We find that the 
Wilson v.e.v.'s of these linked, simplicially framed loops can be expressed in terms of 
the linking numbers of the loops, again reproducing the continuum expression^ 

The key tool in constructing the discretisation is the Whitney map |[Wh|| , a canon- 
ical map from cochains to differential forms on the background manifoldQ. This map 
has previously been used to construct simplicial versions of quantum field theories in 
|AlZe|| , and was used to construct a simplicial version of the abelian Chern-Simons 



theory in [ AlSc| , §5]. In both cases the emphasis was on proving convergence of 
the simplicial theory to the continuum limit -the problem of reproducing topological 
quantities was not addressed. There is a crucial difference between the way the Whit- 
ney map is used in [|AlZe| , [AlSc|| and the way we use it here: We embed the cochains 
of the triangulation and the cochains of its dual into the space of cochains of the 



^except for the removal of a metric-dependent phase in the partition function 

^The continuum expression is reproduced when the value of the coupling parameter is A = 1. 

For A 1 a triangulation-dependent renormalisation of A is required to reproduce the continuum 

expression. 

^This is true for all values of the coupling parameter A -no triangulation-dependent renormali- 
sation is required in this case. 

^This map played a key role in establishing the equality between R-torsion and Ray-Singer 



torsion |Do, Mii| |. 
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barycentric subdivision of the triangulation, and then use the Whitney map on the 
cochains of the barycentric subdivision to obtain differential forms on the background 
manifold. (In ||AlZe| , |AlSc|| the Whitney map was used directly on the cochains of the 
triangulation -the dual triangulation and barycentric subdivision did not enter.) 

It turns out that the doubled, "twisted" abelian Chern-Simons theory which we 
discretise is identical to the abelian BF-theory for two independent gauge fields. 
Thus we end up with a canonical discrete version of abelian BF-theory for which the 
partition function and Wilson v.e.v.'s of linked framed loops are expressed in terms 
of R-torsion and linking numbers respectively, and are equal to the corresponding 
objects in the continuum theory. (Note that this equality does not require a continuum 
limit -it holds exactly for each triangulation of the background manifold). 

The linking numbers lk(7^^\ 7*^^^) of bounding loops 7^^-' , 7*^^-* enter in the expres- 
sions for the Wilson v.e.v.'s of loops through factors of the form 



where A is the coupling parameter of the theory and ni and n2 are integers. These 
expressions are trivial when the coupling parameter takes the discete values A = ^ , 
p G Z. We show that non-trivial expressions for the Wilson v.e.v.'s can be obtained 
at these discrete values of A in the more general case where the loops may represent 
torsion elements of the Z— homology of the manifold. (Bounding loops represent the 
zero-element in this homology.) There is a canonical Q/Z— valued pairing between 
torsion elements (of appropriate degree) in the Z— homology of M , and we show 
(proposition 6.1) that the pairing of torsion elements represented by loops can be 
expressed as a generalisation of linking number. As a consequence Q/Z— valued 
torsion pairings appear in place of Z— valued linking numbers in the expressions for 
the Wilson v.e.v.'s in this case. 

The mathematical results which we require are derived in §2-3. In §2 the simplicial 
analogue of Hodge-de Rham theory is developed, culminating in the main result. 
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theorem 2.6, which gives a natural simphcial analogue of the following basic formula: 



where uj and r are differential forms on a closed manifold M and the inner product 
< • , • > and Hodge star operator * are determined by a metric on M. In §3 a natural 
simplicial framework for considering linking numbers of framed loops is developed. 
The first main result, theorem 3.3, gives a formula for the linking number of an 
edge loop in a triangulation K and an edge loop in the dual triangulation K. More 
generally, this result is a formula for the linking number lk(/x, g^) of a simplicial map 
fx from a triangulated closed manifold of dimension p and a dual-simplicial map 
from a triangulated closed manifold of dimension q into a triangulated manifold M 
of dimension n = p + q + 1. A particular class of framings of edge loops -namely 
the simplicial framings described above- is introduced, and it is proved that such 
framings always exist (theorem 3.6). This is used in proposition 3.9 to give a formula 
for the linking number of edge loops in K in the simplicial setup: The linking number 
is expressed in terms of disjoint simplicial framings of the loops, and is shown to 
be independent of the choice of framings. (This is the formula which appears in 
the expression for the Wilson v.e.v.'s of linked framed loops in the discrete abelian 
gauge theory). In §4 we review the formal evaluation of the partition function and 
Wilson v.e.v.'s of loops in abelian Chern-Simons theory and its associated BF theory 
(including features associated with the moduli space of flat U{1) gauge flelds which 
appear when vri(M) is non-trivial). In §5 wc apply the results of §2-3 to construct 
the simplicial version of the abelian BF gauge theory described above, and show that 
it produces the R-torsion and linking numbers as claimed, leading to agreement with 
the continuum expressions for the partition function and v.e.v.'s obtained in §4. A 
group of simplicial gauge transformations is introduced which enables the features 
of the continuum theory involving the modulispace of flat U{1) gauge flelds to also 
be reproduced in the simplicial theory. In §6 we consider Wilson v.e.v.'s of loops 
representing torsion elements of the homology of M , and show that in this case for 
certain discrete values of the coupling parameter the v.e.v. is a purely homological 




(1.1) 
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quantity, expressible in terms of torsion pairings (as described above). 

Background on the mathematical objects and constructions appearing in this pa- 
per can be found for example in [PFN|| ||Mun| . 

The techniques and results of this paper are of a general nature and we expect 
them to have application in a variety contexts. These may include lattice fermion 
doubling pj|| , a new approach to lattice gauge theory based on non-commutative 
geometry [[BBLLT-Sll PI, developing discrete versions of theories for topologically mas- 
sive (abelian) gauge fields [ pj'l] ], anyons and high T superconductivity ||Wil| , |Fo|| , 
quantum gravity in the loop variable approach^ and reproducing the S-duality in 
abelian gauge theory demonstrated by Witten |[Wit2|| ['^. Since abelian Chern-Simons 
theory can be considered as the weak coupling limit of the non-abelian theory this 
paper may provide a pointer to how to discretise the non-abelian Chern-Simons the- 
ory, or rather its associated BF theory. The aim in this case would be to reproduce 
the combinatorial 3- manifold invariant of Turaev and Viro [TV] from the partition 
function, and the (generalised) Jones polynomial and related knot invariants from the 
Wilson v.e.v.'s (see ||CC-RFM]| for a discussion of these in the continuum case). 



2 Simplicial analogue of Hodge— de Rham theory 

In this section we develop a simplicial analogue of Hodge-de Rham theory in which 
the simplicial analogue of the Hodge star operator is the duality operator between 
cochains of a triangulation and cochains of the dual triangulation (over the reals). 

Let M be a smooth closed oriented manifold of dimension n , and let i^' be a 
simplicial complex smoothly triangulating M. If {vq,vi, . . . , fp} are the vertices of 
a p-simplex in K we denote the oriented p-simplex with orientation specified by the 



^The possible applicability of our work in this context was pointed out by Prof. A. P. Balachandran 
in a discussion. 



Linking numbers have recently appeared in this context |As] and work aiming at a lattice 



formulation is also in progress | FGP | . 

thank Prof. G. Segal for pointing out this reference. 



ordering wq, . . . , fp by a = a^^^ = [vo, . . . ,Vp] , and denote the closed cell in M cor- 
responding to a by \a\. We write a^^^ < P^'^^ to denote that the p-simplex is 
a face in the g-simplex P^'^^ (p < q)- The vectorspace Cp{K) is the space of formal 
finite linear combinations ("p-chains") of oriented p-simplices of K over the reals 
with the rule that, as an element of Cp{K) , an oriented p-simplex changes sign un- 
der a change of orientation, i.e. [f,-(o)! • • • !'^t(p)] = (~l)''bo) ■ ■ ■ ,Vp] for permutation 
r of {0, . . . ,p}. The vectorspace C^{K) of p-cochains is the dual of Cp{K). There 
is a canonical inner product in Cp{K) determined by requiring that the oriented p- 
simplices be orthonormal; this gives an identification Cp{K) = C^[K) and we will 
consider oriented p-simplices as elements of C^{K) as well as Cp{K). The bound- 
ary operator : Cp{K)^Cp-i{K) is the linear operator which maps an oriented 
p-simplex a^^^ to the sum of its {p — l)-faces with orientations induced by the orien- 
tation of a^^\ The coboundary operator : C^{K)^C^~^^{K) is the adjoint of ; 
thus d^[vo, . . . ,Vp] = J2v "^0, • • • , "^p] where the sum is over all vertices v such that 
[v, vq, . . . , Vp] is a (p + l)-simplex. These operators have the property d^d^ = and 
d^d^ = 0. 

The star St (a) of a p-simplex a is the open region in M consisting of the union 
of the interiors of all simplices (of any degree) which contain a as a face. Recall that 
the barycentric coordinate function /x„ : M ^ R corresponding to a vertex f of is 
the function equal to one at f gM , decreasing linearly (in a suitable sense) to zero at 
the boundary of St(t>) and vanishing outside St(i;). It has the properties 

^/i„ = l and ^/i„(?/) = l \/ye\a\ \/aeK (2.1) 

Let Vff'{M) denote the vectorspace of R- valued p-forms on M which are smooth on 
the complement of a set of measure zero, and let d : Vt^{M) —>■ Q^^^^{M) denote 
the exterior derivative. The Whitney map : C^{K) Q'p{M) is the linear map 
defined by ||Wh|| |Do | 



p 



W^{a) = p\ y^(— l)^/ij(j/io A ■ ■ • Adfij^iAdfij^i A ■ ■ ■ Ad^p for a = [vq, . . . ,Vp\ 

i=0 

(2.2) 



(W^{v) = fly) where /ij := The functions /i^, are smooth on the complement of 
the (n — l)-skeleton of K , a set of measure zero in M , so the same is true of W^{a). 
Clearly vanishes outside of St (a) and on the boundary of St (a). Recall that the de 
Rham map : Q^{M)—>-C'^{K) is the linear map defined by < A^{uj) , a >= /|^| uj 
for each oriented p-simplex a&K. The maps and A^ have the properties 

A'^W^ = Id (the identity) , W'^ia) =< a , f3 > (2.3) 

dW^ = W^d^ , d^A^ = A^d (2.4) 



(see |Wg p§). It follows from (^) that is injective. 

Simplicial wedge product. We define the bilinear product : Cp{K)xC''{K)^ 
CP+'^{K) by 

a;A^2/:= A^(iy^(x)Aiy^(y)) (2.5) 



The following properties follow easily from ( |2.3|) -(|2r 

(i) Skewsymmetry: x y = {—ly'^y A^ x 

(ii) Leibniz rule: d^{x A^ y) = d^x A^ y + (-1)% A-^ d^y 

However, as we will see below, A^ is not associative. This product, with K replaced 
by its barycentric subdivision BK , will play a key role in proving our results in the 
following. It has an explicit description given in the proposition below, which will 
allow us to translate differential-geometric problems into combinatorial ones. 

Convention 2.1. If {fo, . . . ,fp} are vertices in K but are not the vertices of a 
p-simplex then we set [fo, . . . , fp] := in C^i^K). 

With this convention we have 

Proposition 2.2. [fo, . . . , fp] A'^ [wq, . . . , Wq\ = if the vertices {wq, . . . , Vp] and 
{wo, • • • , Wq} do not have precisely one element in common, and 

[WO, . . . , Vp] A^ [Vp, . . . , Vp+q] = ^^^'^'^ N, • • • , Vp+q] . (2.6) 



Proof. The proposition obviously holds if either a = [fg, . . . , fp] or /9 = [wq, . . . 



are not simplices in K. Assume that a and [3 are simplices. If the sets {fo, . . . , fp} 
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and {wq, . . . ,Wq} have no common elements, or have one element in common but 
their union is not the vertices of a (p + g)-simplex, then St(a) fl St(/3) is disjoint from 
all (p + g)-simplices of , so the restriction of {a)AW^ {l3) to any (p + g)-simplex 
of K (considered as a region in M) vanishes, hence a (3 = 0. If the sets have two 
or more elements in common then {a)AW^ {j3) is a sum of terms with each term 
containing a factor dfiiAdfii where Hi is the barycentric coordinate function of one 
of the shared vertices. This vanishes, hence a A^ P = 0. When /? = [vp, . . . ,fp+g] 
the only possibility for a (p + g)-simplex meeting St(a) fl St(/3) is [vq, . . . ,fp+g] , so 
[vq, . . . ,Vp] A^ [fp, . . . , fp+g] is proportional to [vq, . . . , fp+g]. To complete the proof 
we calculate 

< [Wo, ...,Vp]A^ [Vp, . . . , Vp+q] , [Vo, ■ • • , Vp+q] > 



W^{[v,,...,Vp])AW^{\vp,...,Vp+q]) 

\\V0,...,Vp+q]\ 

{ 0<lll+...+llp+q<l / 

p\q\ 



{p + q+l)\ 



The proposition shows that A^ is an "antisymmetrisation" of the usual cup prod- 
uct. In this form it has appeared previously in the literature in connection with 
simplicial discretisation of abelian Chern-Simons theory |PR|| ||AlSc|| . It also follows 



that is non-associative: For xeCP{K) , yeCiK) , zeCiK) 

X A^ {y A^ z) = (^^^) {X A^ y) A^ z (2.7) 

is an easy consequence of (|2.6|). 

Let BK denote the barycentric subdivision of K and let K denote the dual trian- 
gulation, i.e. the cell decomposition of M dual to K. These will play central roles in 
the following, and can be characterised as follows. The vertices of BK are {a \ aEK} 
where a denotes the barycenter of the simplex a&K. The oriented p-simplices of BK 
are 
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For each oriented p-simplex a'^^EK we denote the oriented {n — p)-cell in M dual to 
a^'P^ by It is the cell corresponding to the union of all (n — p)-simplices in BK 
of the form [a^P\ . . . ,a^'^^ where a^^^ < a'^^^^^ < ■ ■ ■ < a'^"''>EK. The orientation of 
q;(p) is uniquely determined by the orientations of o;*^^-* and M as follows. If a^^^ < 
q;(^) < • • • < q;(p) < • • • < Q;(")eX is such that [a^^\ . . . , a^^')] is compatible with the 
orientation of and [q:^^^ . . . , q;^"^] is compatible with the orientation of M then the 
orientation of a^^ is compatible with that of The dual triangulation 

is the cell decomposition of M given by i^T = {a | a^K}. 

The complexes {C^BK) , 8^^} , {C*{BK) , d^^} and {C^K) , 8^} , {C*{K) , d^} 
are defined analogously to {C^,{K) , 8^} , {C*{K) , d^}. We define injective hnear 

maps 

B : CP{K)^CP{BK) , B : CP{K)^CP{BK) (2.8) 

as follows. For oriented p-simplex a^^^EK we set 

Ba^)-.^—^ V ±[a(°\a(i),...,a(^)] (2.9) 

V ^ a(0)<a(i)<...<a(j') 

where N{a^^) {— p\) is the number of terms in the sum and the sign ± is chosen so 
that ±[q;(°\ . . . , a^'P^] has orientation compatible with , and set 

B^):= ±[a(^\ Qi(^+'\ . . . , (2.10) 

where N{a'^^) is the number of terms in the sum and the sign ± is chosen so that 
has orientation compatible with a^P^ . These maps are orthogonality- 
preserving, i.e. < Xi,X2 >= implies < Bxi,Bx2 >= 0, and the images of Cp{K) 
and CP{K) under B are orthogonal in Cp{BK). 

Simplicial Hodge star operator. We define the hnear operators *^ : Cp{K)^C'^'p(K) 
and *^ : Ci{K)^C''-''{K) by 

<*^x,y> := 4i±i4- / iy^^(Sx)AW^^^(5y) (2.11) 
p\{n — py. JM 

<*^y,x> := 1;^ + ^^;, / W^^iBy)AW^^iBx) (2.12) 
p\[n — py. J M 
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for xeC^{K) , yEC"'^P{K). These definitions are analogous to the definition of the 
Hodge star operator on differential forms (modulo the numerical factors). The oper- 
ator *^ coincides with the usual duality operator: 

Proposition 2.3. Let a^^^EK be an oriented p-simplex with dual cell q;(p) G K. 
Then 

>K^ = (^) and *^ {^)) = . 



Proof. Using ( p.4| ) the operator *^ can be expressed in terms of the simplicial wedge 
product for C*{BK) : 



< *^x,y>= < (Bx) A^'< (By) , [M]sk > (2.13) 

pl[n — p)l 

where [M]^/^ is the orientation ra-cocycle of M in C^{BK) , i.e. the sum of all n- 
simplices in BK with orientations induced by that of M. The proposition is now 
an easy consequence of proposition 2.2 (with K replaced by BK) together with the 
characterisations of BK and K given above and the definition of the maps B. ■ 

Proposition 2.4- 

(i) (*^)* = (*^)-i and (*-^)* = (*^)-^ 

(ii) *f = (-l)^("+i)ld and *f = (-l)^("+^)ld 

(iii) «)* = (-1)"^^^ *l, dt,-, and (<)* = (-1)"^+^ 

Proof. Parts (i) and (ii) are immediate consequences of proposition 2.3. To prove (iii) 
we derive a formula for [d^)* = . For a'^^^ = [vq, . . . ,Vp\EK using proposition 2.3 
we find 



(p+i) 



= E N, • • • , t^p, ^^p+i] = (-1)^+^ *^ E "^0, • • • , ^^p] 

= (-l)P+i*^rf^a(p) (2.14) 

i.e. {d^_p__i)**p = d^_p*p = *p^idp . Part (iii) follows easily from this formula and 
(ii) and (i). ■ 
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After taking into account the fact that *^ and *^ map between different cochain 
complexes the formulae in proposition 2.4 are completely analogous to the formulae 
relating the Hodge star operator on differential forms to the exterior derivative and 
its adjoint. A simple consequence of this proposition is Poincare duality: the operator 
*^ provides an isomorphism between the cohomology spaces of and . Of course, 
this is already well-known since *^ coincides with the usual duality operator. The 
novel aspect of the preceding is that we have seen (in proposition 2.3) how arises 
as a simplicial analogue of the Hodge star operator, which in turn shows how Poincare 
duality arises as the simplicial analogue of Hodge duality (via proposition 2.4). In 
contrast, the standard construction of the duality operator (see e.g. ||Mun| , §67]) is via 
the cup and cap products, which do not have natural analogues in Hodge-de Rham 
theory. (For example, cup and cap products require an ordering of the vertices of K). 

Our aim in the remainder of this section is to derive a simplicial analogue of the 
basic Hodge-de Rham theoretic formula ( |1 . 1| ) . This is theorem 2.6 below, which will 
allow us to construct a simplicial action functional with the desired properties in §5. 

Proposition 2.5. Consider 

< d^[vo, ...,Vp]A^ K+i, ...,Wn], [M]k > (2.15) 



where [M]k is the orientation n-cocycle of M in C"(-ft'). This equals ±(— 1)^+^ ' "^^ ' *" '* 



n+l 
p+1 



if [vq, . . . ,Vp, Wp+i, . . . , Wn] is an n-simplex in K , with sign ± determined by its ori- 
entation relative to M , and vanishes otherwise. 

Proof. Since d^[vo, . . . ,Vp] = J2vp+i [^p+i? ^o, • • • , Vp] we see from proposition 2.2 that 
( |2.15D is potentially non-vanishing in the following two cases: (i) {f o, . . . , Vp} and 
{wp+i, . . . , Wn} have precisely one element in common, or (ii) {t>o, . . . ,Vp, Wp+i, . . . , Wn} 
are the vertices of an n-simplex in K. We must show that ( p.l5|) vanishes in case 
(i). In this case we can assume without loss of generality that [wp+i, . . . ,Wn] = 
[vp, fp+i, . . . , fp-i]. Then, by proposition 2.2, 

d^[vo, ...,Vp]A^ [Vp, Vn-l] = ^[w,Vo,..., Vp] [Vp, Vn-l] 

w 

{p + l)\{n - p-1] 



(n + l)! EK-o,...,.n-i] 
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and 



[Vo, ...,Vp]A^ d^[Vp, . .., Vn-l] = N, ...yVplA^ [W, Vp,..., Vn-l] 



{p+l)\{n-p-l)\ ^^ 

^-'^ — — 



so that, using the Leibniz rule, we get 



(i^ [Vo, ...,Vp\A^ [Vp, Vn-l] = T^d^iivo, • • • , Vp] [Vp, Vn-l]) ■ 



It follows that 



1 



dH) = 2 < bo, ...,Vp]A'' [vp, Vn-l] , [d'^rmK >= 



since {d^)*[M]K = d^[M]K = 0. To complete the proof we calculate ( p.l5|) in case 
fii): 



< d^[vo, ...,Vp]A^ [Vp+i, ...,Vn], [M]k > 



, K 



n—p 



< [Vp+k, Vq,..., Vp] A^ [Vp+i, ...,Vn], [M]k > 



k=l 

n—p 



k=l 



^ ' (n + 1)! 

We define the bihnear functional S : Cp{K)xC''-p^\K) ^ R by 



S{x,y) 



n+l 
p+1 



I dW^^{Bx)AW^^{By) , {x,y)eCP{K)xC''-P-\K) 

JM 

(2.16) 



where - 
and T„Vi = (T/^)* : C^^-r'-\K)^CP{K) by 



(n+l)! 



y, and define the linear maps : Cp{K)^C''-p-\K) 



S{x, y) =< Tf X , y >=< x , T^_^_,y > 



(2.17) 



Theorem 2.6. 



and Ttp-i = {-ir^'*''d^ 
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Corollary 2. 7. 



and 



Proof. We must show that 



n+l 
p+1 



M 



dW^^{Ba^P^)^W^^{B{(3(p+^))) =< *^d^a^P^ , > (2.18) 



for arbitrary oriented p-simplex a'^^'> and {p + l)-simplex (3'^^^^^ in K. The theorem 
and its corollary then follow easily from proposition 2.4. Using (|2.4| ) the l.h.s. of 
( |2.18| ) can be expressed in terms of the simplicial wedge product for C*{BK) : 



l.h.s. 



n+l 
p+1 



< A^'^ , [M]bk > 



It follows from proposition 2.5 (with K replaced by BK) that for sequences of sim- 
phces < . . . < a^^'^eK and < . . . < /^("^Gir the quantity 

< . . . , A^^ . . . , , [M]bk > 

vanishes unless a^^^ < /^^P"*"^) , and is equal to ±(— 1)^+^ (p+i) latter case, so 

from the definition of the maps B we get 

for a(P)</3(P+i) 



l.h.s. 



otherwise 



(2.19) 



where the sign ± depends on whether a^^^ has the orientation induced by /^^P"*"^^ or 
not. To complete the proof we show that this is equal to the r.h.s. of (|2.18|) . Setting 
Q/(p) = [-yg^ . . . , fp] we find 



< *^d^a^P^ , >=< d^a^P^ , f3^P+^^ >= E < K+i^^o, • • • , Wp] , > 



Remark 2.8. The Whitney map generalises to a map between cohains and forms 
with coefficients in a flat vector bundle [ [Vliii ] . The constructions and results of this 
section generalise in an obvious way to that setting. 
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Remark 2.9. Although we work exclusively with triangulations, our techniques 
and results here and in the following also go through for more general polyhedral 
decompositions K of M , in particular for cubic decompositions. In these cases the 
barycentric subdivision and dual of the decomposition of M can be constructed in 
an analogous way to the simplicial case. The resulting barycentric subdivision BK 
will necessarily be a triangulation (even though K is not), so the Whitney map 
y^BK Qj-^ which our constructions are based continues to be well-defined, and it is 
straightforward to check that our constructions and results continue to hold. 

3 Linking numbers in a simplicial framework 

Recall the setup of the preceding section: i^' is a simplicial complex triangulating 
M (dimM = n); BK denotes its barycentric subdivision and K denotes the dual 
triangulation. In this section the smoothness requirement on M can be dropped, 
and all maps that we consider are continuous unless otherwise stated. Let A^^i and 
N2 be closed oriented manifolds with dimA^^i = p <n — 1 , dimA^2 = n ~ p — 1 , 
triangulated by simplicial complexes Li and L2 respectively. Let fx '■ Li—^K be 
a simplicial map, i.e. a map fx '■ Ni-^M which maps each simplex of Li linearly 
onto a simplex of K. Let : L2 ^ K he & dual- simplicial map, i.e. a simplicial 
map : BL2^BK which maps each cell in L2 (considered as a union of simplices 
in BL2) onto a cell in K. (This determines a map g^ : N2^M.) In this section 
we show that in the simplicial framework there is a natural expression lk{fK,gj^) 
( (|3.3| ) below) for the linking number of fx and g-^ when these maps are bounding (as 
defined below), and derive a formula for \k{fx,gj^) in terms of the ingredients of the 
simplicial Hodge-de Rham theory developed in the last section (theorem 3.3). We go 
on to study the linking number lk{fK,gK) of fx with a simplicial map gx '■ L2—>-K 
via the introduction of simplicial framings. A simplicial framing of gx is essentially 
a homotopy g from gx to a dual-simplicial map g^ : L2 ^ K , N2-^M where 
is another simplicial complex triangulating A^2- The point is that although a priori 
there is no natural expression for the linking number of fx and gx in the simplicial 
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framework, we do obtain a natural expression for this linking number in terms of a 
simplicial framing g of qk , namely \k{fK,gj^) where g-^ is the dual-simplicial map 
homotopic to gx via g , provided that the images of fx and g are disjoint in M. 
We prove that simplicial framings always exist in the main case of physical interest, 
namely when dimM = 3 and N = (theorem 3.6), and that in this case if fx and 
gx have disjoint images in M then there is a simplicial framing g of gx such that 
fx and g have disjoint images in M. Intuitively one would expect \k{fx,gj^) to be 
independent of the choice of simplicial framing g of gx with image disjoint from that 
of / in M (provided that such a framing actually exists), thus providing a definition 
for lk{fx,gx)- We prove in proposition 3.9 that this is in fact the case. 

To illustrate and motivate the general expression ( ^.31 ) below for the linking num- 
ber we first consider the case where dimM = 3 , A^^i = A^2 = and fx and g^ are 
embeddings of in M. Then g-^(S^) is a union of 1-cells in K , each of which is the 
dual of a 2-simplex in K as in the figure below: 




Here and in the 3 following figures the points • are vertices of K while ® and 
O are barycenters of 3- and 2-simpIices respectively. 

Thus if D is a 2-dimensional surface in M made up of a union of 2-simplices of K 
(considered as 2-cells in M) then g^{S^) intersects D transversely (if at all) at the 
barycenters of 2-simplices. Consider now the situation where fx{S^) bounds such a 
surface D as illustrated below: 
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fK(S ') 




The linking number of fxiS^) and g^{S^) is now given by (see [[BT| , p. 229]): 



E 



±1 



(3.1) 



with sign determined as follows. The orientation of fxiS^) induces an orientation 
for D , and thereby for each 2-simplex a^^-* G D ; this together with the orientation 
of M determines an orientation for a(^). If 5*^^^ E D H g^{S^) then the sign for 
the corresponding term in ( p.l| ) is positive if q;(^) has orientation compatible with 
g-^{S^) , and negative otherwise. A succinct expression for the linking number ( p.l|) 
in the simplicial framework can now be obtained as follows. Let D_ G C2{K) denote 
the sum of the oriented 2-simplices making up D , then *^D_ G Ci{K) is the sum of 
the oriented 1-cells in K (with orientation determined by D and M) which intersect 
D transversely as shown in the figure below. 



D 




Let G Ci{K) denote the sum of the oriented 1-cells in K which make up g-j^iS^ 



then ( ^.1[ ) can be rewritten as 



lk(//r,^^) =< * D.g^ > 



(3.2) 



We now show how (|3.2|) generahses for the general simphcial map fx-Li—^K, 
Ni ^ M and dual-simphcial map g-^ : L2 ^ K , N2 ^ M introduced at the beginning 
of this section. Let [Ni\l-^eCp{Li) and [N2\£-^ECp{L2) denote the orientation cycles 
of A^^i and N2 determined by Li and L2 respectively (i.e. the sum of all top degree 
simplices (dual cells) with orientations induced by that of A'^i {N2)). The maps fx 
and induce chain maps /a'# : C*(Li)^C*(i^') and g^^ : C^,(L2)^C*(i^') , defined 
by fK#{ci^^^) = /i^(«*-*'') if fK{ci^^^) is of degree i and fK#ioi^^^) = otherwise, and 
similarly for gf^^- For notational simphcity we set = fK#{[Ni]Li) G Cp{K) and 
9k = 9K#{[N2]f:^) e C„_p_i(i?). 

Definition 3.1. fx and g^ above are bounding if there are oriented manifolds Di 
and D2 such that for i = 1,2 

(i) dDi = Ni and there is a simplicial complex triangulating Di with Li as a subcom- 
plex. 



(ii) There are maps hi : Di^M with hi = fx and h2 



9k- 



dD2 

Lemma 3.2. Assume fx '■ Li^K above is bounding, with hi : Di^M as in 
definition 3.1. Then there is a simplicial complex L[ triangulating Di with Li as a 
subcomplex, and a simplicial map h[ : L[^K , Ni—^M coinciding with fx on Li. 
Setting /I'l := h[#{[Di]L'J G Cp+iiK) we have d'^hf, = fx- 



Proof. The generalised barycentric subdivision procedure described in ||Mun| , §16] 
provides L'l and h'l (a simplicial approximation to hi) with the required properties. 
It immediately follows that d^Jii = /i'i#(9^'i [-Di]l;) = f_j^- ■ 

If fx is bounding and h[ is as in lemma 3.2 then the expression ( |3.2|) for the 
linking number generalises to 

lk{fK,gfi)=<*''hfi,g^> (3.3) 

This is clearly integer valued (since h^i and g^ are chains over Z) and can easily be 
rewritten in an analogous way to ( p.lD (we omit the details). 

A priori the expression ( |3.3|) depends on the choice of lii and does not require g^ 
to be bounding. However, the following theorem shows that lk(/x, f?^) is independent 
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of the choice of h'^ when both fx and g^^ are bounding. 
Theorem 3.3. If fx and above are bounding then 



lk(/^, g^) =< , {*''d^)-'g^ > . (3.4) 



The proof requires the following 

Lemma 3. 4. Assume g^^ : L2~^K above is bounding, with /i2 : D2^M as in 
definition 3.1. Then there is a simplicial complex triangulating D2 with BL2 
as a subcomplex, and a simplicial map : L'2-^BK , D2—^M with the following 
properties: (i) /ij = (^i^. (ii) /ig maps the j-skeleton of L'^ (considered as a subspace 
of D2) into the j-skeleton of K (considered as a subspace of M) V j = 0, 1, . . . , n— p. (iii) 



The chain h/2 = h'2^{[D2\L'^)ECn-p{BK) can be considered as a chain in Cn-p{K) , 



and = g 



Proof. The cellular approximation theorem (see e.g. ||FR| , §2.3.2]) provides a map 



/ig : D2-^M mapping the j-skeleton of the given triangulation of D2 into the j-skeleton 
of i^' Vj = 0, 1, . . . , n—p with h2 =gj^ { h'2 is a cellular approximation to h2). The 
generalised barycentric subdivision procedure |[Mun| , §16] then provides a simplicial 



complex L'2 triangulating D2 with BL2 as a subcomplex, and a simplicial map h'2 '■ 
L'2—^BK (a simplicial approximation to /ig) coinciding with g^^ on Clearly /ig 

must also map the j-skeleton of L'2 into the j-skeleton of Vj = 0, 1, . . . , n—p. This 
shows (i) and (ii). Let be an arbitrary {n — p) -dimensional oriented dual cell 
in K , with |q;(p)| the corresponding closed cell in M. Using (ii) and the fact that 
h'2 is continuous it is quite easy to see that the restricted map h'2 : {h'2)~^ {\a^'P^\) 
|a;(p)| has a well-defined degree deg{h'2] \a^P'>\) when {h'2)^^ {\ci^''''\)cD2 is given the 
orientation induced by D2 and |q;(p)|cM the orientation induced by a^'^\ (We set 
deg(/i2; |a(p)|) =0 if {h'2)~^{\ot'^'^^\) is empty.) Then for arbitrary {n — p) -simplex (3 = 

BK contained in la^^*)! with orientation compatible with a^P^ 
we have < hf2, P >= deg(/i2; |a(p)|) independent of /3 , so can indeed be considered 
as a chain in Cn-p{K) (i.e. /ig = '^aip)^K deg(/i2; |q;(p)|)q;(p) ). Since h'2^{[D2\L'^) = 
/i2#(<9^2[^2]l^) = h'2#i[N2]BL2) it is clear from (i) that d^li2 = 9_k- ' 
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Proof of theorem 3.3. By proposition 2.4 the r.h.s. of (|3.4| ) is well-defined if 

< {{*''d^rr'LK^9ii >= i-ir^' < {^^d^viK^iK > (3-5) 



is well-defined. To see that (|3.5| ) is well-defined note that by lemma 3.2 and proposi- 
tion 2.4 the equation *^d^y = f ^ has a solution y = (— hf^ , and that if y' 
is another solution then by lemma 3.4 

<y-y',9i?> = <y-y' ,d^fi^> 



<{*^r\*^d''{y-y')),h!,>=0. 



Hence the r.h.s. of ('B.4I) is well-defined, and can be written as 



K' 



In the remainder of this section we study the linking number of fx with another 
simplicial map gx '■ L2—>-K, N2^M. In this case the expression (|3.3|) is not well- 
defined. (Also, h[{Di) and 9k{N2) need not intersect transversely in M.) In order to 
obtain an expression for the linking number within the simplicial framework in this 
case we introduce a particular class of framings: 

Definition 3.5. Let L be a simplicial complex triangulating a manifold and let 
7i<: : L^K , N^M be a simplicial map. A simplicial framing of 7^- is a homotopy 
7 : A^ X [0, 1]— s>M from '-)k to a dual-simplicial map 7^ : L' K , N-^M where L' 
is another simplicial complex triangulating A^ , together with a simplicial complex L" 
triangulating A^ x [0, 1] with BL and BL' as subcomplexes. 

Intuitively, ii g : N2 ^ [0,1] is a simplicial framing of gx and fxiNi) and 
g{N2 X [0, 1]) are disjoint in M then the linking number of fx and gx is \]^{fx,gx) 
(where g^^ '■= g ^ We must verify that this really is independent of the choice of 

simplicial framing g for gx- But first, to show that this is relevant, we must show that 
simplicial framings actually exist. We will show that they always exist in the main 
case of physical interest, namely when dimM = 3 and N = S^. It is possible that 
they always exist in more general circumstances but at present we have not proved 
this. 
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Theorem 3.6. If dimM = 3 and L is a simplicial complex triangulating then 
every simplicial map 7^ : L^K , S^^M has a simplicial framing. 

Proof. We will show that a simplicial framing for can be constructed after choosing 
a sequence of 3-simplices associated with ^k{S^) as indicated in the figure below 




(b) 

(a) A segment of a sequence of 3-simplices of K "wrapping around" y^f ) . 

(b) The corresponding segment of j( S^x [0,1]) where y is the induced simplicial 
framing of y Each segment r-^—^ is a 1-cell in . 



Step 1. We take to be [0, 1] with endpoints identified so that the vertices of the 
triangulation L are Q — Vi < V2 < ■ ■ • < vi^ < i'at+i = 1 {vi — t'Ar+i in S^). Define 
l<ii < 12 < • ■ ■ < ir < ir+i^N by the condition that all Vi with ij<i < ij+i 
are mapped by to the same vertex Wj in K , with Wj^Wj^i Vj<r and ^^+1 = ^1. 
Then [wj,Wj+i] is a 1-simplex in Vj = 1, . . . ,r and Jk{S^) is their union (con- 
sidered as 1-cells in M). Choose a 3-simplex a^^^ of K in St([u'r, Choose 
a sequence of 3-simplices {oifi^}i=i^_„^i^ in St(wi) such that afi — a^^^ and af^^ is 
contained in St([i(;i,i(;2]) and afj^ ^ is a 2-simplex afj^ VZ = — 1. 

(This is possible because otherwise St(u'i) — St{[wr,Wi]) would consist of two or 
more components meeting only at points or line segments, in contradiction to the 
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fact that St(i(;i) — St{[wr,Wi\) is homeomorphic to the closed ball D^.) By discard- 
ing elements in the sequence if necessary, we can assume that {afj^}i=2,...,ii-i are all 
distinct and contained in St('u;i) — {St([-u;,., uii]) U St([u'i, ^2])}- Proceeding induc- 
tively for J = 2, ...,r wc choose a sequence of 3-simplices {q!j7''};=i,...,;j such that 
Oifi = Q;(^Li)/y_^j , ^ji] C St{[wj,Wj+i]) , {oijf }z=2,...,i^.-i are all distinct and con- 
tained in St(u'j) — {St([wj-i,Wj]) U St([wj,Wj+i\)} and aj;^ fl Oi^f(i^i) is a 2-simplex 
ji ^ j — ■ ■ Choose a sequence of distinct 3-simplices {a(V_,_x)«}'=iv,^r+i 

in St(K,wi]) such that =a;.J , ajj^^^^^^^ = and af^^^-^i n is a 

2-simplex (^(^^^.i-^i VZ = 1, . . . , Z^+i — 1- (Again this is possible because otherwise we 
obtain a contradiction to the fact that St{[wr,Wi]) is homeomorphic to D^.) Finally, 
choose a collection {xji — . . . — l ; j — 1, . . . ,r+l} oi distinct points in [0, 1) so 
that Xu = , Xji < Xj'i' for j <j' and Xji < Xji' for I < I'. Set Xji. :=X(j_|_i)o V j = 1, . . . , r , 
X(r+i)ir+i-='^ yji-=lixji + Xj(i+i)) V/ = l, . . . Vj = 1, . . . ,r + l. Takings'^ 

to be [0, 1] with endpoints identified let L' be the triangulation of 5*^ with vertices 
{Vji U = 1) ■ ■ ■ ) ~ 1 j i = 1) ■ ■ ■ ) 1} j then BL' has vertices {xji, yji} and L' has 
vertices {xji}. A simplicial map 7^^ : BL'^BK is now defined by ^j^{xji) :— oifi 
and "yj^iUji) '■= a^jf . This determines a dual-simplicial map : L' ^ K since 
the dual cell [yji] = [xji,yji\ U [vji, Xj(^i^i)] in L' is mapped by 7^ to the dual cell 
[5f,5f]U[5f,55.J,Vj=«f)in K. 

Step 2. Let u[. denote the centerpoint of [vi^ , Vi^+J Vj — 1, . . . , r and define the 
triangulation Li of x [|, 1] as indicated in the figures below: 
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A simplicial map 71 : Li^BK is now defined by 71 (2;^;) := , J^iUji) — 

iKiVji) > = lK{vi^) = Wj and l^iK^) =the centerpoint of [wj,Wj+i\. (It is 

easily checked that with the choices above 71 maps 3-simphces of Li onto 3-simphces 
of BK.) Let Ui denote the centerpoint of [f j, Vi+i] W i = 1, . . . , N and define the the 
triangulation Lq of x [0, |] as indicated in the figure below (with Vj^^^ := vi): 




A simplicial map 70 : Lq^BK is now defined by joivij—jKivi) , loiKj)—^^ i'^ij) 
7o(iij)=the centerpoint between 7/f(i'i) and 7/^(^1+1). Clearly Lq and Li coincide on 
X {|} , as do 7o and 71 , thus determining a triangulation L" — Lo*Li of -S"^ x [0, 1] 
and a simplicial map 7 : L"^BK , and thereby a map 7 : 5"^ x [0, 1]— >M. It is clear 
from the constructions that 7 and L" satisfy definition 3.5. ■ 

Let fK '■ Li^K , Ni-^M and g : L2— >-fr , N2^M be simplicial maps as above 
(dimA^i =p, dimA^2 = n — p—1). Let ^tBK{fK{Ni)) denote the open region of M 
consisting of the union of all ^isKiv) where f is a vertex of BK contained in fxiNi) , 
and let St BK{gK{N2)) be defined similarly. 

Definition 3. 6. A simplicial framing g for gx is strongly disjoint from fx if the 
image of g in M is disjoint from StBK(/x(A^i)). 
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Observation 3.8. (i) fxiNi) C StBKifK{Ni)). (ii) M - StBK{fK{Ni)) has a cell 
decomposition given by K with the cells {v \ v vertex in K contained in fxiNi)} 
removed, (iii) If fK{Ni)ngK{N2) = then St^i^ (/x(iVi)) n StBi^(^?x(iV2)) = 0. (iv) 
If dimM = 3 , Ni = N2 = S^ , fK{S^)(^gK{S^) = and g is a. simplicial framing for gx 
constructed as in the proof of theorem 3.6 then g is strongly disjoint from fx- 

Proposition 3.9. Let fx and gx be simplicial maps as above, and assume that 
they are bounding with fK{Ni)r\gK{N2) = 0. If there exists a simplicial framing g for 
gx strongly disjoint from fx (as is always the case when dimM = 3 and Ni = N2 = , 
cf. theorem 3.6 and observation 3.8(iv)) then \k{fx,gK) ■=^^{fK, Qx) is independent 
of the choice of such a framing g. (Here g^^ is the dual-simplicial map determined by 
g as specified in definition 3.5. Note that g^ is bounding since gx is, so \k{fx,gj^) is 
well-defined.) 

Proof. Set Mf := M — SiBxifxiNi)). Let g be another simplicial framing for gx 
which is also strongly disjoint from fx- We can assume ^ is a map ^ : A^2 x [— 1, 0]— ^M/ 
with gx = g ^ ^^-^ and g^ = g ^ { i} ' ^"^^-^f ' ^'2^^ a dual-simplicial map for 
some simplicial complex L2 triangulating N2. Let and L2 be the triangulations 
of X [0, 1] and x [—1,0] associated with g and g respectively, as specified by 
definition 3.5. This data determines a dual-simplicial map g^Ug^ : L'2 U L'2-^K , 
A^2 X l}^Mj which is bounding: The map h2 : N2 x [—1, l]^Mf required by 
definition 3.1 is defined hj h2 = g and /i2 = 9 ^ and the triangulation 



Af2x[-1,0] 



N2X[0,1] 



of D2 = N2 X [—1, 1] is ^2*^2. Lemma 3.4 continues to hold in this case with M 
replaced by Mf. (The proof goes through unchanged due to observation 3.8(ii).) Thus 
we have a triangulation Lg" (denoted in lemma 3.4) of N2 x [—1, 1] and a simplicial 
map : L^-^BK , N2 x [—1, l]-^Mf such that h/2&Cn-p{BK) can be considered as 
a chain in Cn-p{K) and 

d^h!2 = 9_x-lx- (3-6) 
It follows from (|3.6|) , theorem 3.3 and proposition 2.4 that (modulo an irrelevant sign) 

lk(/;,,^7^)-lk(/^,^^) = <f_^A*''d'')-\g^-l^)> 

25 



= ±</^,(9V)-W2> 

= ±</^,A'2> (3.7) 

Since h'^iNi x [-1, 1]) C M-StBE-(/i^(A^i)) the vertices of BK contained in h'2{N2 x 
[— 1, 1]) are disjoint from the vertices of BK contained in fxiNi) so ( p.7|) vanishes. ■ 

Finally, if M has odd dimension n = 2p+l and is a closed oriented p-dimensional 
manifold triangulated by a simplicial complex L then each simplicial framing / for a 
simplicial map fx '■ L-^M , N—>-M has a self-linking number lk(/) := lk{fK, fj>)- 



4 Continuum abelian Chern— Simons gauge theory 



In this section we review the evaluation of the partition function [|Sc| [|Witl|| ||AdSe 



and Wilson v.e.v.'s of linked loops [ po[| ||Witl | in the continuum abelian Chern 



Simons theory on closed 3-manifolds (and its generalisation to arbitrary closed odd- 
dimensional manifolds). Our treatment includes certain features involving the moduli 
space of flat U (1) connections (when 7ri(M) is non-trivial) not contained in the original 
treatments^. 

The Setup. Let P be a fiat principal U (1) bundle over a closed oriented 3-manifold 
M. (All bundles, manifolds, maps etc. in this section are smooth.) The connections 
on P form an afiine vectorspace C modelled on the space of 1-forms with values in 
the adjoint bundle, which is necessarily trivial, so given E C the elements A oi C 
are A = Aq + 27[iuj , u G Q^{M). The abelian Chern-Simons action functional on C 
is defined by 



iXS{Ao + 2muo) := iX [ du Au (4.1) 

Jm 



While we were finishing the writeup of this paper a preprint by M. Manohu Ma appeared 
in which abehan Chern-Simons theory is constructed as a topological field theory (in the sense of 
Witten-Atiyah) via geometric quantisation. This preprint also contains a comprehensive treatment 
of the standard path-integral evaluation of the partition function, along similar lines to the present 
review. 
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for flat connection Aq , where A G R+ is the couphng parameter. This is independent 
of the choice of flat connection Aq by Stokes theorem, since if Aq is another flat 
connection then d{A'Q — Aq) = 0. The group Q of gauge transformations can be 
identified with the maps g : M— >f/(l) , and acts on C by g-A = A + gdg~^. Locally 
g E Q is of the form g = e^'^^^ for R-valued function / , leading to gdg^^ = —27iidf , 
so d{gdg~'^) = globally and it follows from Stokes theorem that the action functional 
1|) is gauge-invariant. However, if 7Ti{M) is non-trivial and g has non-zero winding 
number around loops in M then globally / is only defined modulo Z , since the integral 
of {—2Tii)~^gdg~^ around a cycle in M equals the winding number of g around the 
cycleQ. Thus {—27ii)^^ gdg^^ represents an element of ifj^(M)z , where we are using 

Definition 4-1- H\^{^M)z is the subgroup of H\^{^M) consisting of the elements 
whose integrals around the cycles of M are Z- valued. (Here H^j^{M) denotes the 
g'th de Rham cohomology group.) 

In the following we will use the fact that the de Rham map gives an isomorphism 
i^]^(M)z = FieeH^{M, Z) = H\M, Z). (The last equality is the standard fact that 
H^{M, Z) has no torsion; this is clear for example from (|6.1|) in §6.) 

Pick a metric on M, let ?^^(M) denote the space of harmonic g-forms and let 
(pg : 1-L'^{M) ^ H^j^(M) denote the isomorphism induced by the projection map 
ker {dq)^H^^{M). The homomorphism Q^H}^^{M)z , g ^-^ {—2m)^^gdg~^ induces 
an isomorphism of the homotopy equivalence classes of Q onto Hjj^{M)z [ |AB| | . This 
has the following consequences: 

(i) g ^ exp(27rzfiO(M))x/7i^(M)z. 

(ii) The orbit of Q through A G C is 

g-A = A + 2m{don%M)xH}ji{M)z) (4.2) 

and Q/U{1) Q-A , g^-*g-A is bijective, where U{1) denotes the gauge transforma- 
tions which are constant on the connected components of M. 

^^This detail was omitted in the original treatments, where the gauge transformations were re- 
stricted to those of the form A^A+2TTidf . 
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(iii) Using the map 0i the orbit space of C = Aq + 27ciQ^{M) can be identified with 

and the moduh space of the fiat U{1) connections J-' = Aq + 27riker((ii) can be 
identified with 



TIG = Ao + 27rz 



Since Hl^{M) = Rdim//i ^nd Hjj^{M)z = Z'^''^^' (where dimi/? = dimi^^^(M)) we 
have 

T/g = T'^''"^' (4.5) 

where = R^/Z^ is the A^-torus. Thus T/G is a closed manifold with finite 
volume determined by a choice of volume element for H\j^{M). 

In the following, if L : V^W is a linear map between vectorspaces with inner 
products we will use the notation |det'(L)| := det'(L*L)^/^ where det'(L*L) is the 
product of the non-zero eigenvalues of L*L. If L is an isomorphism then | det(L)| = 
|det'(L)| depends only on the volume elements on V and W. The metric on M 
induces metrics on Q'^{M) , 1-L'^{M) and G- We choose volume elements for H^j^{M) 
for g = 0, . . . , 3 (then | det (</)(,) | is defined), and equip C with the metric determined 
by requiring that the map Q^{AI) C , uj\-^AQ + 2TTiuj be an isometry. 

The partition function. This is the formal object 

Z(M,A) := jvAe-^^'^^^ = /^^^ l-([A]) e-^^^^D (4.6) 

where V{G) and V^([A]) are the formal volumes of G and [A] = G-A respectively. It 
follows from (i) and (ii) above that formally 

V{[A])=V{G)V{Uri))-'\det'ido)\ = ViG)\det{(Po)\\det'ido)\ (4.7) 



Writing the action functional ([4.1|) as iXS{Ao + 2muj) = iX < *diiu ,uj > and using 
( [4.7|) and (iii) above we find 

/ 'A \ ""^^^ 

Z{M,X) = V^(J^/^)|det((j6o)||det(0i)rVet'(c^o)|det' — *c;i (4.8) 



TT 
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where V{J-' /Q) is determined by the volume element on H]^^{M) via ( [4.4| ), indepen- 
dent of the metric on M. Evaluating the determinants in ( [4 .81 ) via zeta-regularisation 



as in [|AdSe|| and using Hodge duality gives 



/ , \ -dimH''/2+dim_ffV2 . . 1/2 

\7l J Vfll 



(4.9) 



where rj{*di) is the analytic continuation to zero of the eta-function of *di and 

3 



TnsiM,d) = l[[\deti<P,)\\det'{d,)\y (4.10) 

(with I det'((i3)|=l) is the Ray-Singer torsion of (M, d) , depending on the choices of 
volume elements for the spaces H^j^{M) but independent of the choice of metric on 



M |[RS|| , and where for g = 0, 1 we have set 

det(0,)||det(03-,)| (4.11) 



ttq :-- 



The quantities are independent of the metric on M. To see this we choose an 
inner product in H^'^{M) which reproduces the volume element and define Eq : 
H'i{M)^H^-'i{M) by < Eq{a),h >:= Jm aAb , then |det(E,)| is obviously metric- 
independent. But on the other hand Eg coincides with the map 

since 

/ aA6=/ 0,-^(a)A034(6)=< (03'4)*(*0^-^(a)), 6 > 

JM JM 

SO we have | det(-E'g)|~^ = | det ((/),) || det((/)3_g)| = a^. (This also shows that given a 
volume element for ifJ^(M) we can choose the volume element for H^^'^{M) so that 
Qq = 1. Thus with appropriate choices of volume elements for H^^{M) the factor 
^ drops out of ( [4.91) .) Thus the metric-dependence of the final expression ( [4.9| ) 
for Z{M,\) enters only through ri{*di) in the phase, so \Z{M,X)\ is a topological 
invariant. 
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The Wilson vacuum expectation value (v.e.v.). This is the formal object 
<Wi-f'^'\...,f'^>;ni,...,nr)>x := 



JcVAe-i^s{A) 

(4.12) 

where the 'j^^^ : S^^M are maps which are bounding (i.e. there are maps h^^"^ : 
Dj^M restricting to 'j^^^ on dDj = S^) with images 'y^^\S^) mutually disjoint in M , 
and $(y4, 7^-^\ nj) is the monodromy of A around 'j^^^ in the representation of U{1) 
on C corresponding to rij G Z. The evaluation of ( 4.12| ) proceeds heuristically as 



follows^. For / = 1, . . . , r let r]^^^ be the distribution given by f^i 'y^^^*tu = ^ V^''^ 
\fuj G n^{M). We will treat r/(^) heuristically 2-form on M vanishing away from 
^(i)(^S^) , then rj^^'^ = du^^^ where u^^^ is the 1-form distribution given by J^^ h^^^*T = 
JmT /\ oj^^^ Vr G Vl^{M). Writing i\S{AQ + 2'niuj) = iX < *diuj , uj > and 



^{Ao + 27TiuJ,'y'-^\nj) = $(Ao, 7^^\ n^-) exp(27rmj / -f'^^'^*uj) 

= ^{Ao,'y^^\nj) exp{27rinj < *ri^^\uj >) 



the formal evaluation of ( |4.12| ) gives 



<iy(7«,...,7«;ni,...,n,) >; 



e^P (^E^.^-lk(7(^),7^'"M (4.13) 



where we have used the facts that 

< *r]^^\ {*di)-^ * r/(™) > = / cj(") A r]'^^^ = lk(7(^'\ 7^'")) 



M 



is the linking number of 'j^^^ and 7'-™'-' (see p. 230 of [pT|| ), and $(A, 7^'^ n/) = 1 for flat 
connection A since the 7*^')'s are bounding and thereby trivial in tci{M). (In §6 we 
will consider a situation where the integrand in the integral over T/Q in ( [4.13 ) is a 



^■^A mathematically rigorous model for < W >x leading to the same final expression in terms of 



linking numbers as below has been constructed in ref. |AlSc]. 
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non-trivial constant.) Finally, to obtain a well-defined expression for < W >x the self- 
linking numbers lk{'j^^\ 'y^^^) in ( |4.13| ) must be regularised "by hand" by introducing 
a framing of each 7*^-'^ |Po|| [|Witl|| . Note that the final expression ( [4 .131) is trivial when 
= ^ ) P ^ Z. In §6 we will see how < W >\ is non-trivial for these discrete values 
of A when the 7^-^^'s represent torsion elements in the homology of M over Z. (In the 
present case the 7'^'^^'s represent the trivial element in the homology of M since they 
are bounding.) 

Framings and abelian BF theory. The regularisation of self-linking numbers via 
framings of the 7*^-'^'s can be incorporated into the theory from the beginning (as 
opposed to putting it in by hand at the end) if we work with the doubled, "twisted" 
version of abelian Chern-Simons theory for two independent connections A = A(j-\-2TTiu! 
and A' = AQ + 2Tiiuj' in C obtained by making a "twist" in the doubled action 

. . . / 

iXSiA) + iXSiA') = iX I diu Auj + diJ Acu' = iX( 

'M ^ 



UJ 

uo' 




to obtain 

iXS{A,A') ■=iX 



uo' 



I 




2iX / duj Auj' . 

JM 



(4.14) 



*di 
\^ *di 

This is the action functional for the so-called abelian BF gauge theory. It is easy to 
see that the partition function 2'(M, A) of this theory is given by 



Z(M,A) = |^(M,A)p 



(4.15) 



which is now completely independent of the choice of metric^. Let the 7*^-'^'s now be 



framed loops, i.e. smooth maps 7''-'^ : x [0, 1]-^M , with 7g''^ := 7'^-'^ 



and 7i 



7 



(i) 



^^^^^ : S^^M such that 70''^ (and thereby also 7}'''') is bounding and 



{3h 



5ix{0} 



: S^^M 



the images 'yQ\S^) , 7}™''' (5'"'^) are mutually disjoint in M. The Wilson v.e.v. <W >x 
of the framed loops is now defined in a natural way in this theory by replacing iXS{A) 
^"'The absence of a complex phase factor in Z{M, A) is because the operator in the quadratic form 



(4.14) has symmetric spectrum, and therefore vanishing eta-function. 
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and 7^^^ rij) in (^4.12|) by i\S{A, A') and 7^^\ nj)$(A', 7p\ rij) respectively, 
and integrating (formally) over C x C. Then the formal evaluation oi <W >x leads to 
i WM with lk(7(^), 7^™)) replaced by lk(7j^\ 7i™Vlk(7P, 7^"^^). Since lk(7i^\ 7i™)) = 
lk(7Q''\ 70™-*) for JT^m and lk(7Q*-*, 7I*'') = lk(7*^*)) is the self-linking number of 7*^*^ we 
obtain 

< 1^(7(1),..., 7M;ni,...,n,) >a 

Y: n,WA;(7f \7r) + En^/A:(7^^^)) ) (4.16) 

Along with the feature described above, the abelian BF theory has another advan- 
tage over the abelian Chern-Simons theory when it comes to constructing simplicial 
versions of the theories: The simplicial analogue of the Hodge star operator (i.e. the 
duality operator) can be incorporated in a natural way into a simplicial version of 
the abelian BF theory since it has two independent coupled gauge fields. (We will 
see this explicitly in the next section.) This feature is essential if the same evaluation 
of the partition function in a simplicial version of the theory is to lead to the same 
final expression with R-torsion in place of Ray-Singer torsion. Therefore we will not 
attempt to discretise the abelian Chern-Simons theory directly, but instead construct 
a natural simplicial version of the abelian BF theory -this is done in the next section. 

The abelian Chern-Simons theory and the corresponding abelian BF theory gen- 
eralise to abelian gauge theories on closed oriented manifolds M of arbitrary odd 
dimension with a flat vector bundle Ep over M determined by an orthogonal repre- 
sentation p : 7ri(Af)^0(A^). The partition functions of the generalised theories can 
be formally evaluated by the technique of A. Schwarz, leading to the square root of 
the Ray-Singer torsion r^5(M, d'') of the twisted de Rham complex {f2*(M, Ep) , rf^} 
00- Also, when the representation p is trivial the Wilson v.e.v.'s of loops generalise 
and can be evaluated to obtain an expression in terms of linking numbers as above. 

Strictly speaking, the generalised theories are only generalisations of abelian Chern-Simons- 
and BF-theories when the group Q of gauge transformations is replaced in the preceding by its 
identity-connected component Qf) , since the field(s) in the generalised theories transform under a 
gauge transformation by w ^ w + d'^r. 
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5 Simplicial abelian gauge theory 



In this section we present a canonical simplicial version of the abelian BF theory with 



action ([4.14| ). Using the results of §2-3 we show that the formal evaluation of the 
partition function and Wilson v.e.v.'s of framed loops (for simplicial framings of edge 
loops in the triangulation K) leads to expressions in terms of R-torsion and linking 
numbers respectively, reproducing the continuum expressionsj^. 

Simplicial action functional. Aq continues to denote the flat connection in C chosen 
in the last section (the expressions below for the partition function and Wilson v.e.v.'s 
are independent of the choice of Aq). Define the embeddings 

"^K ■■ C\K) ^ C x^Ao + 2mW^^{Bx) (5.1) 
: C\K) ^ C y^Ao + 2TnW^^{By) (5.2) 

where the maps B are given by ( |2.9|) - ([2rT0|) . We construct the simplicial version of 
the abelian BF theory with action ( [4.14[ ) by replacing the space of connections C x C 
by the subspace x{C^{K)) x -^(C^{K)). This is reminiscent of what happens in 
gauge fixing^. The simplicial action functional is then iXSx , where Sk is the bilinear 
functional on C^{K)xC^(K) given by 

SK{x,y) := S{^Kix),^^iy)) = 2 / rfl^^^(5x)AW^^^^'(%) (5.3) 

By theorem 2.6 we have 

Sk{x, y) = I < *^d^x ,y>=l<x, *^d^y > 
o 





i 


[vl 






( X 



(5.4) 



^^The continuum expression for the partition function is reproduced when the value of the coupUng 
parameter is 1; for values 1 a triangulation-dependcnt renormalisation of the coupling parameter 
is required to reproduce this expression. The continuum expressions for the Wilson v.e.v.'s are 
reproduced for all values of the coupling parameter (without the need for renormalisation). 

^^I thank Prof. A. P. Balachandran for this perspective. 



33 



To avoid the numerical factor in ( p.4|) we will take A' := 12 A to be our coupling 
parameter in the simplicial theory. 

Simplicial gauge transformations. We define a group Qk x Gj^ acting on (K) x (K) 
and leaving the simplicial action Sk invariant as follows. Let [Q] denote the collec- 
tion of homotopy equivalence classes of Q and choose a representative h[g] G [g] for 
each [g] E [G]. Then Hig] := {^[g]}[g]G[g] is a group with multiplication defined by 
^[91] '^[92] ■— ^[9192] (this will differ in general from the usual multiplication of h^g-^-^ and 
h^g^]). Set {Qk)o '■= {e^''*^'^(") | ueC^{K)} ; with the usual multiplication this is an 
abelian Lie group with Lie algebra 2TTiW^ {C^{K)). We define Qk to be the product 
Gk '■= {Gk)o ■ T^[g] where e^''*^'^*^"-*-/i[c,] is defined by the usual multiplication. Qk is 
a subset of Q , although in general the embedding Qk ^ is only a homomorphism 
modulo homotopy equivalence. We define the action of /i G Qk on xeC^{K) by 

h-x = x + A^^{{-2'ni)-^hdh-^) (5.5) 

where v4f^ : VL*{M)^C*{K) is the de Rham map. ^ince {A^ {hdh-^)) = {d{hdh~^)) = 
the simplicial action functional is invariant under Qk due to ( ^.4|) . Using ( p. 4]) we 
get 

(e2-^'^''(")/i[3]) -x = hygyx + d^u (5.6) 

Combining this with de Rham's theorem that A^^ induces isomorphisms H\^{M) ^ 
H\K, R) , Hjj^{M)z ^ H\K, Z) we see that the properties (i), (ii) and (iii) of Q de- 
scribed in the preceding section have analogues for Qk- Set Ti.''{K) := {xeC^^K) \ d^x = 
{d^)*x = 0} (i.e. the simplicial analogues of the harmonic forms), equipped with the 
canonical inner product from C^iK) , and let 0f : W{K) ^ Hi{K,R) denote the 
isomorphism induced by the projections keT{d^)^H'^{K,Ti). Equip H'^{K,'R) with 
the volume element induced by that of H^^{M) via the de Rham map; then | det(0^)| 
is defined. Define 7P{K) , 0^ and | det(0^)| analogously. Qk has the following prop- 
erties: 

(i) ' Qj, ^ {e2-^^''(«)|MGC0(ir)}x/7i(ir,Z). 

(ii) ' The orbit [x\ of Qk through xeC^{K) can be identified with 

Qj,.x = x + {d^C%K)xH\K,Z)) (5.7) 
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and the map Qk/U{^) Qk-x , h^h-x is bijective, where U{l)j^ := je^'"*^'^'^"^ | u G 
ker«)}. 

(iii)' Using the map (p^ the orbit space of C'^{K) can be identified with 

C\K)/gK = ( ^'i(^'zj )®kerK)^ (5.8) 

and the orbit space of J-'k '■= ker((if-) can be identified with 

^ H\K,R) 

^k/Gk = (5.9) 

The group Q-^^ cannot immediately be defined by analogy with Qk because we do 
not have a Whitney map from C*{K) to Q*{M). To get around this we construct 
a triangulation K' of M such that the vertices and 1-cells of K are subsets of the 
vertices and 1-simplices of K' , and cIq coincides with the map 

C°(K)-^C°(K') C\K')^C\K) (5.10) 

where the last map is the restriction. Then is defined by replacing C'^{K) , , 
cLq by C'^{K) , W^' , (Iq respectively in the preceding construction of Qk- The group 
and its action on C^{K) (defined by analogy with (p.5|)) then has properties 



completely analogous to the properties ( p.6|) , (i)', (ii)', (iii)' of Qk , and by ( |5.4| ) the 
simplicial action functional is invariant under the action of Q-^^ on C^{K). Briefiy, K' 
is constructed from the barycentric subdivision BK as follows. Each g-simplex r^'^^ 
of BK contained in a 3-simplex a*^^^ of K with a (g — l)-face r*^'^"^-' of t^''^ contained 
in a 2-face a*^^-* of a^'^^ has a "mirror image" r^'^^' contained in the 3-simplex a'^^^' of 
which shares o"*-^-* as a 2-face. The union r^i^Ur^'^^' can be considered as an embedding 
of the standard g-simplex into M in a canonical way, as illustrated in the figure below 
(after a planar projection): 
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The union of x^^^ and x(3)' in (a) (the shaded region in (b)) is a 3-simplex in K 



The vertices of K' are the barycenters of ah the simphces in K except the 2-simphces. 
For l<g<3 the g-simphces of K' (considered as ceUs in M) are the unions r^''^ U t^'^'^' 
of the g-simplices BK of the form described above, together with the 

remaining g-simplices of BK. (For g = 3 there are no remaining 3-simphces.) Note 
that the 1-cells of K arise as the unions r*^^^ U r^^^'. It is straightforward to check 
that K' thus defined is indeed a simphcial complex triangulating M (smoothly on the 
complement of a set of measure zero) and that ( p.lO[ ) coincides with as required. 
The construction of K' in the analogous 2-dimensional situation is illustrated in the 
figure below: 




Dotted lines = K 

A/ 

Solid lines = K 



Regularisation. The objects of interest in the simplicial theory can be expressed 
through mathematically meaningful integrals over the finite-dimensional space C^{K) 
xC^{K). These integrals are not convergent to start with however, because the sim- 
plicial gauge invariance under Qk x leads to the appearance of divergent volumes of 
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orbits of the simplicial gauge group. Therefore we must proceed heuristically at first 
(as in the continuum case) and rewrite the integrals as integrals over the simplicial 
orbit space C^{K) /Qk^C^{K) /Q^. The resulting integrals for the partition function 
and Wilson v.e.v.'s in the simplicial theory are not convergent a priori, but become 
convergent when we make the following regularisation of the simplicial theory: Let T 
be the selfadjoint map on \^ = C^{K)xC^[K) given by 

i\'SK{v) =i\' <v,Tv> v = {x,y) (5.11) 



(the explicit expression for T is clear from (|5.4|) ). Then there is an orthogonal de- 
composition V = 1/+©Vl©Vo , T = r+©T_©To where V+ V- and Vq denote the 
subspaces of positive-, negative- and zero-modes of T , and T+ , T_ and Tq denote 
the restrictions of T to these spaces. For e G R+ we define the regularised simplicial 
action functional by 

iX'S^K\v) ■■=< v' , {{iX' + t)T+ © - t)T_)v' > (5.12) 

where v' is the projection of v&V onto V+©V1. This is clearly invariant under Qk x Qj^ 
and coincides with iX'Sx in the limit With this regularisation the expressions 

for the partition function and Wilson v.e.v.'s in the simplicial theory in terms of 
integrals over the simplicial orbit space are convergent: Due to (|5.4|), (|5.8|) and the 



analogue of (5^) for K these integrals are of the form 

/, = / pye*<-.->e-^^'^K (5.13) 



(modulo overall factors; here weVj^®VJ) which clearly converges for e > due to 
( |5.12| ). In the limit where the regularisation is lifted we find 



hm/, = e-f ^(^)e3i^<"''^""'> - |det'(T) T^/^ ^^^^^^ 

where ri{T) = dimV+ — dimy_ and C(^) = dimKj. + dimy_. In the following we 
evaluate the partition function and Wilson v.e.v.'s for the regularised theory given 
by ( ^.12| ). The regularisation is then lifted (i.e. the limit e^O is taken) in the final 
expressions. 
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The partition function. Let k{C^{K)) and <^{C^{K)) be equipped with the 
metrics determined by requiring that ^ k and (given by (p.lD-(pT^) be isometries 
(where C'^{K) and C'^{K) have the metrics given by their canonical inner products). 
The partition function is then the formal object 

Z^(M,V)(^) := ttttA^/ . VAVA' e-^>^'~''''^^'^'^ 

V{Gk X J^,i,(C^{K))x^>^(C^{K)) 

VigK)V{g^)JcHK)/gKxcHK)/g^ ^^^^^ 

(5.15) 

where we have implemented the regularisation described above. Using the fact that 
gK , gj^ and their actions on C^{K) , C^{K) have analogous properties to g and its 
action on C the divergent volumes V^([a;]) and ^([y]) can be formally evaluated as 
in the continuum case. The divergent parts factor out as V^gx) and V{g^) and 
cancel against the overall normalisation factor in (|5.15|), and the resulting expression 



for the regularised partition function is finite. Evaluating this expression using ( |5.4|) 
and then lifting the regularisation (i.e. taking the limit e— >0) using ( ^.14| ) we find 
(compare with ( [4.8| )): 

Zk{M, A') 

= V(^^/^^)|det(0^)||det(0f)rVet'«)||det'(-*^^;f)r^/2 

vr 

><^(-^x/^i?)|det(0f)||det(0f)|-Vet'(4)l|det'(^*^^'rff)|-^/^ 



vr 

71 

(5.16) 



where ^(^x/^k) is determined by the volume element of H^{K,IV) via ( |5.9|) , and 
y(jF^/^l^) is determined analogously^. Since the volume elements of H^{K, R) and 
H^(K, R) are determined by the volume elements of H\^{M) via the de Rham map, 
we see by comparing (|4.4| ) and ( ^.9|) (and the analogue of (|5.9|) for K) that the de 
Rham map induces isometries 

j'K/gK = Tig , T^ig^ ^T/g (5.17) 



18 



As in the continuum case the absence of a phase factor in ( ^.16| ) is because the operator in the 



quadratic form (5.4) has symmetric spectrum (this is easily seen using proposition 2.4) and therefore 
vanishing 77. 
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so V{J-'kIQk) = ^{^kIQk) ~ /G)- Now using proposition 2.4 we find 



- dim/f" +dim// 1 + A^^ - Aff 



^1 



(5.1^ 



where denotes the number of g-simphces|^ of K and 



rH(ir,rf^) = n(|det(0f)||det'(ci, 



(5.19) 



9=0 



(with |det'((if )|=1) is the R-torsion of (i^, c?^) , depending on the choices of volume 
elements for the spaces H^p,{M) (via the induced volume elements for the spaces 



iJ'^(i^, R)) but independent of the choice of triangulation K |[Re| , |Fra| , |RS|| , and 
where for g = 0, 1 we have set 



1^ 



We claim that 



a":=|det(0f)||det(03%) 



(5.20) 



(5.21) 



where is given by ( [4. 11] ); in particular is independent of K. This is an appli- 
cation of proposition 4.2 of ||RS|| , which states (as a special case) that < uj,t >=< 
A^^{uj) , (*^)"M^(*r) > for cj,r G W{M). This can be rewritten as < u;,r >=< 
uj , LqT > where Lg is the map 



K^-l mr'r 



W{K) 



//"(i^, R) //"(M) -X W{M) . (5.22) 



must coincide with the identity map, so we see from ( |5.22| ) that 

1 = |det(L,)| = |det(0,)||det(0„_,)||det(0ljri|det(0f)|-^ 



and follows. 

Since tii{K, d^) = Tfjs{M, d) ||Mii|| ||Ch|| it follows that the final expression ( |5.18| ) 
for Zk{M,X') coincides with the continuum expression Z{M,X) = |Z(M, A)p given 



i^In deriving the exponent for ^ in ( ^.18D we have used the fact that N^'^ - iVf - + is 
the Euler characteristic of M , which vanishes since dimM is odd. 
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by the modulus square of ([4 .91) except for the triangulation-dependent factors 
and in the exponent of ^. This i^-dependence can be removed by renormahsing 
A' , i.e. by replacing the bare coupling parameter A' by the renormalised i^'-dependent 
parameter A'^ given by 



A 



K 
TT 



TT 



k{K) = 

Then Zk{M, X'j^) = Z{M, A) = \Z{M, X)\\ 
Wilson v.e.v.'s of framed loops. Let 7^^^ 



1 + 



dimH^ — dimif ° I 



(5.23) 



, "yjp be bounding edge loops in the 



triangulation K ; i.e. each 7^'* is a bounding]^ simplicial map 7^^'' : Lj^K , S'^^M 
(for some simplicial complex Lj triangulating S^), and assume that the images 7i^^(>S'^) 
are mutually disjoint in M. By theorem 3.6 and observation 3.8(iv) we can choose 
a simplicial framing 7^-^^ for each 7^^'' such that j^^^ and 7^"* are mutually strongly 



disjoint for j^m. Let 7-'' : L'^—^K , S^-^M denote the dual-simplicial map homotopic 



to "jjp via "y^^^ 



Then the Wilson v.e.v. of the framed loops 7^^-', 
simplicial theory is given by the formal expression 



>7 



in the 



1 'J^ \ "' Lj • • • } "'r J 



'A' 



k{CHK))x<1>^{CHK)) 



VAVA' 



UW^{A,l'i\nj)<l>{A',^'^^',ni 



-i\'S^''\A,A') 



iCHK))x^^{CHK)) 



VAVA'e-^^'s'^''>(^'^') 



(5.24) 



where we have again implemented the regularisation described above. For notational 
simplicity we set jif) ■= 7^J^([5i]LjGCi(fs:) and define j_^i^^Ci{K) analogously. The 
monodromies appearing in ( |5.24|) are 

<l>i^K{x),'y^i\n,) = <^{Ao,i'i\nj)exp(27TtnJ 7S^)*(H^^^(5x)) 



$(Ao, 7k , exp (27iinj < x , 7^^^ >) (5.25) 



where the last equality follows from the definition of the map B in §2 and the property 
(O) of W^^ , and similarly 



$(*^(l/),7^U,0 



$(Ao,7^\nj)exp (27rinj <y,i 



if) 

■K 



> 



(5.26) 



^"^Our considerations continue to hold in the more general case where the 7)^'''s represent torsion 
elements of the homology of AI , as discussed in §6. 
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Note that if A is a flat connection then ^{A^^y^p ,nj) = $(y4, 7^'', nj) since 7^^^ and 
7^"* are homotopic. 

The integrals in ( ^.241) can be formally rewritten as integrals over the simplicial 
orbit space as previously. The divergent factors V{Qk) and V{Q^) in the formal 
volumes of simplicial orbits which appear in the numerator and denominator cancel, 
and the resulting expression for the regularised Wilson v.e.v. is finite. Evaluating this 
expression using ( ^.4|) , (|5.17| ), ( ^.14|) and proposition 2.4 and lifting the regularisation 



we find (compare with ( [4.16| )): 

< »V(7'»>,...,7l'-';n„...,rO >y 



1=1 



f^E^.^™ < 1^^ . > I (5.27) 



By theorem 3.3 and proposition 3.9 the quantity < 7^^^ , {*^d^) ^7^^"'* > in (|5.27|) 



equals the linking number of 7)^ and 7)^ (or the self-linking number if j = m ), and 
it follows that ( p. 271 ) coincides with the continuum expression ( [4.1(j| ) for the v.e.v. 



(No renormalisation of A' is required in this case.) This equality continues to hold 
when 7^^-', . . . , 7^^'' represent torsion elements of the Z— homology of , as discussed 
in the next section. 

The techniques of this section generalise in a straightforward way to construct 
simplicial versions of the abelian BF theories associated with the generalisations 
of abelian Chern-Simons theory discussed at the end of §4, again reproducing the 
continuum expressions for the partition function and Wilson v.e.v. 's of generalised, 
simplicially framed edge loops, expressed in terms of R-torsion and linking numbers 
respectively. We omit the details, except to point out that in these theories the sim- 
plicial gauge symmetry is simpler than above: The continuum gauge transformations 
{u , u') {u + dr ,u' + dr') becomes (x, ?/) 1— > (x + d^u , y + d^v) in the simphcial 
theory. 
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6 Torsion pairings from Wilson v.e.v.'s at discrete values of 
the coupling parameter 



In this section we consider the Wilson v.e.v.'s in the case where the loops are no longer 
required to be bounding but instead represent torsion elements of the Z-homology 
of M. We will see that in this case Q/Z-valued torsion pairings appear in place of 
linking numbers in the v.e.v.'s. when the coupling parameter takes the discrete values 
A = 1^ , / G Z. We begin by briefly reviewing torsion pairings. (A brief accessible 



review of torsion in (co)homology with illuminating examples is given in §3 of ||Fre | 
More detailed treatments can be found in |PFN|| [PT|| ||Mun| 



Torsion pairings. Let M be a closed oriented n-manifold with triangulation K as 
in §2-3. M need not be smooth, and all maps in the following are continuous. An ele- 
ment X of the (singular) Z-homology of M , H^{M, Z) , is said to be a torsion element 
if fcx = for some non-zero k E Z. These elements form a subgroup Tor H^{M, Z). 
Torsion elements can arise as follows. Let be a closed oriented p-manifold, then 
the element [f]EHp{M,Z) represented by a map / : N^M is a torsion element if 
there is a map h : D^M where D is an oriented {p + l)-manifold with boundary dD 
consisting of k disjoint copies of A^ and the restriction of h to dD is / on each copy, 
since in this case dh = kf where / and h are the chains over Z corresponding to / 
and h respectively. 

A standard result concerning torsion (see e.g. §3 of |[Fre|| ) is that there is a canon- 
ical isomorphism 

Tori7«(M,Z) ~ Hom(Tori7g_i(M,Z), Q/Z). (6.1) 

defined as follows. Let x be a (g — l)-cycle over Z representing an element [x] G 
Torg„i(M, Z) , then there is a non-zero integer k and a g-chain y over Z such that 
dy = kx. Let c be a g-cocycle over Z representing an element [c] G Tori7^(M, Z) , 



then the pairing ( |6.1| ) is given by 



{[c][x]) ■.= ^<c,y> (modZ) (6.2) 
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It is easy to check that ^ < c ,y > depends only on [c] and [x] (mod Z) as re- 
quired. Poincare duahty gives Tori7^(M, Z) ~ ToriJ„_q(M, Z) , allowing ( |6.1D to be 
re-expressed (with p = n — q) as 

TorHp{M, Z) ~ Hom(Torif„_p_i(M, Z) , Q/Z) . (6.3) 

Thus there is a canonical Q/Z-valued pairing between ToiHp^M, Z) and Torif„_p__i(M, Z) 
which we call the torsion pairing. This pairing arises as a direct generalisation of link- 
ing number as follows. Let A^i and N2 be closed oriented manifolds of dimensions 
p and n — p — 1 respectively, and for i = 1,2 let fi : Ni—>-M and hi : Di^M be 
analogous to / : N—>-M and h : D—>-M above, so that dh^ = kif. at the chain level 
and [/ jGTorifp(M, Z) , [f^]EToTHn-p-i{M,Z). The chain fcj/. corresponds to the 
map, denoted kifi , from ki copies of Ni into M coinciding with fi on each copy. The 
maps kifi and A;2/2 are bounding and therefore have well-defined linking number. 



Proposition 6.1. The torsion pairing (|6.3| ) of [/J and [/^j above is given by 



tor([/J , [/J) = -^Hhh , ^2/2) ( mod Z) (6.4) 

This follows via simplicial approximation from its simplicial version, proposition 6.1 ' 
below. 

The considerations above have analogues in the simplicial setting. The duality 
operator (simplicial Hodge star operator) *^ : C'^{K)-^C^^'^{K)=Cri-q{K) (where 
the (co)chains are over R) restricts to *^ : C'^{K, Z)— >C„_g(i^, Z) , inducing isomor- 
phisms (Poincare dualities) 

*^ : H'^iK, Z) ^ Hr,.g{K, Z) , *^ : ToiH'^iK, Z) ^ Tori7„_,(i?, Z) 

(These are standard facts which follow easily from proposition 2.4). Thus the simpli- 
cial version of ( |6.3| ) is 

ToTHp{K,Z) ~ Hom(Torif„_p_i(^,Z), Q/Z) (6.5) 

i.e. the Q/Z-valued torsion pairing is between TotHp{K,Z) and ToiHn-p{K,Z). 
Let '■ Li^K , Ni^M and : L2^K , N2^M be simplicial- and dual-simplicial 
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maps respectively as in §3, and let hi : Di^M and /i2 : -D2— >M be maps with dDi 
consisting of fcj copies of A^j {i = 1, 2) such that hi restricts to fx and /i2 restricts to 
on each copy of Ni and N2 respectively. Let f ^ECp{K, Z) and g^GCn-p-i{K, Z) 
denote the chains corresponding to fx and g^. By the arguments of §3 (see lem- 
mas 3.2 and 3.4) we can assume that hi and h2 determine elements hi^Cp+i{K, Z) , 
h2eCn^p^iiK,Z) with d^'hi = kil^ and d'^h^ = k^g-. Then [/^] e TorHp{K,Z) 
and G Torif„_p_i(ir, Z). 

Proposition 6.1' . The torsion pairing ( |6.5| ) of [/^] and [g^ above is given by 

tor([/^] , [g^]) = j^MhfK, k,g^) (6.6) 

where kifx is the map from ki copies of A^^i into M coinciding with fx on each copy, 
and k2g^ is defined analogously. 

Proof. By (pj), 

tor([/J , [g_^]) = , [^^]) = ^ < (*^)-V^ A > 

(mod Z). Using proposition 2.4 this can be rewritten as 

^ < ^i/x ' (*''rf'')-'(fc2^£0 > ( mod Z ) 
and the proposition follows from theorem 3.3. ■ 

The v.e.v. 's of loops representing torsion elements. The evaluations of the v.e.v.'s 
of loops 7^^^ . . . , 7'^''^ in §4-5 goes through with obvious modifications in the case 
where the loops represent torsion elements of the Z-homology of M : Choose numbers 
kj so that kj'j^^^ is bounding, then after dividing by kj in the appropriate places we 
can replace 'j^^^ by kjj^^^ in the evaluations of the v.e.v.'s. This results in the linking 
numbers Ik (7*^-''', 7*^™)) being replaced by jq^\k(kj'y^^\ k^ 

^M) in the final expressions 

([4.13|) , (|4.16| ) and (|5.27|) for the v.e.v.'s. This now results in non-trivial expressions 
when the coupling parameter takes the discrete values A = |^ , / G Z in the abelian 
Chern-Simons theory, or as A = y (A' = y) in the corresponding abelian BF theory 
(and its simplicial version). It follows from ( |6.4|) and (|6.6|) that in this case the v.e.v.'s 
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only depend on the homology classes of the loops, and that the linking numbers get 
replaced by the Q/Z— valued torsion pairings tor([7(j')], [7(")]) in the final expressions 
for the v.e.v.'s. (The framing considerations go through as before.) 

There is one other modification in the final expressions for the v.e.v.'s when the 
loops represent torsion elements. It comes from the integral over the modulispace 
T jQ in the expression for the v.e.v.'s (see ( ^4.13| )), due to the following 

Observation/definition 6.2. If 7 : S^^M represents a torsion element, i.e. if there 
is some map h : D^M with dD = kS^ (i.e. k copies of S^) with h = k'y then the 
monodromy $(y4, 7,77.) is the same for all fiat connections A. For given 7 and n this 
monodromy therefore depends only on the underlying fiat principal U{1) bundle P , 
and we denote it by $(P, 7,n). 

To see this let A and A' be fiat connections, then A' = A + 2TTiuj with u G ker((ii) 
and we have 

Js^ k JdD=ks^ k Jd 

which implies $(A', 7, n) = $(A, 7, n). (Note also that dh = k'j implies $(P, 7, n)'' = 
1.) Thus the integral over J-'/Q in (|4.13|) leads in the present case to an overall factor 
Yrj=i^{P,'j^-'\nj) appearing in the final expression ( [4.13| ), while the square of this 
factor appears in the final expressions ( [4.16| ) and (|5.27|) . 

These considerations also go through in the previously mentioned generalisations 
of abelian Chern-Simons theory and in the corresponding BF theories. 



As discussed in ||Fre|| , torsion phenomena arise in connection with global anomalies 
in string theory. This suggests a connection between anomalies and abelian Chern- 
Simons theory on 3-dimensional parameter spaces of families of Dirac operators. We 
will be discussing this connection in a forthcoming paper. 
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